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1. - Tt has been shown'!*2) that the transverse area of an electron be-
am in a storage ring is very sensitive to coupling fields, that is to terms
in the magnetic field of the machine that can transfer radial into vertical
momenta and viceversa. The reason why these effects are so important is
"to be found in the factor 7 (the electron energy in mass units) between ra
dial and vertical r. m. s. dimensions for the uncoupled case'”). 4 is usu-
~ ally so large that the uncoupled case must be considered completely unre-
alistic in view of the presently attained precision of magnet construction

- and alignements.

Moreover, because of the AdA effect(l), coupling fields can be
introduced ad hoc in order to reduce loss rates; or it could prove conve-
nient(2) to control in this way the luminosity of two crossing beams.

We want to give here general formulas to be used to extract the
relevant information from the equations of motion in presence of coupling
fields and radiation(4), The generality consists in that every linear term
compatible with the Maxwell equations is retained in the field(5); thus the
undamped, unforced, betatron motion can be derived from the lagrangian

L= l-xl'2 4L Z'z - -1-K2(1-’n)x2. - -l—Kznz2 +Mxz +.
2 2. 2 o 2

,‘ (1)
+ %H(xz’ - z'x) - Kpx

where x and z are radial and vertical coordinates respectively; a pri-
me indicates derivation with respect to the arc S (to be computed on the
synchronous trajectory). K(s) is the curvatiire of the synchronous tra-
‘jectory (ST); n(s) is the field index. M is defined by

e 8B,

M = ﬁSES( 5% ST




2.

where Eg4 and ﬂ’s are energy and velocity (¢ = 1) of the synchronous par
ticle. H plays the role of a torsion and is given by
e

H = ———— B
BsEg 8

where Bg is the field component along the tangent to the ST. To account
for closed orbit displacements there appears in L a term.-Kpx in which

E "ES
P D ——
ES

is the percent energy «deviatiom from the synchronous particle.

: K, n, M, H are assumed to be stepwise varying functions of s;
the period of the magnetic lattice will be indicated by s;. When quadrupo
les are to be described, the limits K =» 0, Kn —> (finite quantity) must
_be performed. L ‘

2. - Next comes the problem of introducing radiation reaction giving
rise to both damping and fluctuation forces. Detailed formulas for these
forces are given in I. Here we want just note that:

a) a closed orbit can be separated out; it is in general a space cur-
ve described by equations of the form

xe(8) = ¥ (s)p zo(8) = S (s)p , (2)

where ? and 3 are periodic functions of s (period s,).

b) any correlation between betatron and synchrotron oscillations is
“rapidly lost.

¢) the fluctuation force acting on betatron oscillations can be redu-
ced to a sum of Dirac d functions coccurings at random times
(see form. 4 below, },

Thus the general structure of the equations of betatron motion is

yo+ > Duyi + 2 Kpyy = %y (3)
1 - 1,2 -

where y; = Xp, Y9 = 2Zp,, the index b denoting the betatron part of the posi
tion coordinates. The matrices D and K are defined in I and summarize
damping, coupling and ordinary focusing terms. These matrices are peri-
odic and the same sequence repeats at intervals of length s,.

The forcing terms ¥, have the general structure
- X '
Yo(s) = Zo ap &(s-5x) W

where the coefficients -a‘? are random variables; averages < > will be
referred to the distribution of a,. values. In particular, the only property
we will use in the main calculation is :

(Hrls) ¥y(s)Y = S(s-8) Pryls) | (5)



3.

where ¢ rt(s) are periodic functions of s (period s;). The absolute (as
referred to the ST) position of a particle will be given by

X Xp ‘+ Ep (6)

‘zp + S p

Z

In the next 8 we want to indicate the parameters to be derived
from the equations of motion in order to express the distribution in posi-
tions (x, z).

3. - Once one has determined the averages {y,yg» . the distribution

of the betatron coordinates is given by

1 1/2
Pb( y1v y2) = f [det “ mI‘S "] / eXp(" lzz mrS yrys)'

where ‘ . (yé)
P12 25y - dyyed?
o >
22 2 (ﬁ)(yﬁ‘) - {y1ye) 2
L 1 {31922

1z el 2 ¢ }’b (yay - <rd?

Note that

1 -1
det |l m, 4]l =7 [det <yrys>J - (r,s=1,2)

Then, the closed orbit distribution can be described by means of the varia
“ble p = (E-Eg)/Eg as follows ' '
X

Vi (.eXp - °<2 pZ)

P.p) =

where
2 1

* = 2 {p2>

The folding of Py and P, according to the definition (6) gives the
distribution of absolute positions P(x,z):

P(x,z) = /dp Py(x-Ep, z-%p) P(p)

The expli€it result-is

P(x, z) %-_ Vdet "/‘rs“ exp (-Z/ars‘xrxs) (7)

where x; =X, x5 =z and the composite parameters //'rs are given by:



- 2 My ms't,yv”]t ' 3
/l'rs T Mpg T 2 ‘ SR | (3)
| L XTE 2w Ty

vHere "] f "72 3 are the closed orbit functions.. Use has been ma-
de of the symmetry property Mpg = Mg this property also holds true for
the new coefficients 4 pg = Agyp.

Local symmetry axes (somewhat like normal coordinates) can be
introduced by diagonalization of the matrix | A,.g Ml 5 this can provide some
information in connexion with the observation of synchrotron light (see ap-
pendix).

4. - The determination of < p2 > introduces no néew problem (compared
to the uncoupled case) apart from the fact that the synchrotron damping has
to be recalculated because of the more complex machine structure (see I).

Now, we want to calculate explicitly the averages < yrys> for
the betatron part. '

L.et us introduce the vectors

Y1 1
1 : N
A il | Y2
Y Yo . Y3
[} A
Y2 | V4
A
0 Gy 0
v v A A
A V’l o v’2
¥ = L F A =
0 } Y3 0
. A A
2 by ¥

A particular solution of (3) can be written in the form |
rs : A
A
S(s) = S N(s, 8) & (o) ds'
‘where N(s, s') isa 4x4 matrii satisfying =
0
Ts N(s,s') = A(s)N(s,s')

% N(s,s') = - N(s,s') A(s")

‘together»with N(s,s) = 1; A(s)isa 4 x4 matrix directly derived from the
‘equations of motion (3)



0 1 0 0

Are) K11 “Pyp Kz D
(s) = 0 0 0 1

-Kg1  -D21 -Kg9 -Dyy

The periodicity of the magnetic strﬁcture is better exploited by writing
: s A
¥(s) = N(s) '3\7(s—so)+/ N(s, s') W(s') ds'

S-SO

where N(s) is an abbreviation for N(s, S-Sg)- It proves convenient to dia
gonalize N(s); this can be accpmplished by means of a matrix U(s) such
that B

A(s) = U(s) N(s) U 1(s)

is diagonal.
The transformed vector is
A
a(s) = U(s) (s) -
Also, due to the periodicity of N(s)

A n
a(s - sg) = U(s) y(s - sp)
so that

S

A A ' A

a(s) = A(s)q(s- So) +/ U(s) N(s, s") ¥ (s!) ds'
"s-8g4

Next introduce the correlation functions
N A

QI‘S(51' 52) = < Qr(sl) qs(52)>
A A

G g(51.82) = < ar(sy) bglsg)>

@ and G will indicate in the following the corresponding 4 x4 matrices.

| A ssuming that the machine is stable, a random-stationariety cha-
racter of Q can be recognized in the following property

Q1. 85) = QUsy * ks, 8y +ksg)

where k is an integer.

* Then, recalling the property (5)(X)

4]
CPs) Bish> = E(s-s) b _(9)

(x) - see pag. 6.



6.
an equation for G is easily derived in the form
| - oA
G(s,5') = A(s) G(s-s8,, 8') +U(s) N(s, 8') P(s') 8(s, 8')

Here 6(s, s') is a function (not a matrix) such that

(s, 8') 1 when s-so € s'< s

=0 otherwise .

It follows that, as required by caiusality '

0 ' when g' > s

G(s, s') v
| U(s)N(s, s')sg (s') whens-s8y =< s' =< 's“

and this is all what we need, together with the random-stationariety‘o‘f Q,
to get the following equation for Q(s) = Q(s, s)

Qs) = A(s)Q(s) A(s) + R(s) _ (9)

where

| s . _
R(s) = U(s)/ N(s, s') $ (") NT(s, ') ds' uT(s)

Here U,:r is the transpose of U, ,ete; use has been made of the obvious pro
perty ¢ = ’
The solutlon of (9) is

Qe Z [4 (1" s [A@e)]"

‘This series can be summed by virtue of the fact that 4 ig diagonva'l, s0
that .

Qrs'= 1- A_.44 Rps -

It also follows that the quantities we need are given by

AN LS Ur%.l ‘Us]s'l L .
<yrys>' = o 1 - Ar' As‘ Rr|sl 5 . (10)
(x) - Note of the pag 5 .
A A A ‘ A
v Since = Y; = bq V’z = ‘;"1, V4 = ¥4 the definition of & ¢
follows from (5) , ‘ '
. A A A A A A A
117 Prias Prgc byt Pygc ¢ %347 0
Bpp= Bris Py )
22 11’ 24 =~ "12° ¢22

A A
Remember that ¢rs = ¢sr'
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This formula provides the formal solution of the problem. Its structure is
better understood by writing :

R(s) = U(s) R (s) UT(s)

‘and introducing the 4-indices simbol

-1 —1>
_ ‘ Urr' Ur‘t ss' Us'vv
I'tSV r| S' 1 = A rl A sl

Then < §r §75> can be expressed as the product of a factor depending on
machine structure only (M) and a factor depending on radiation (@ )
AN _ o
{yr¥g? = tz M tsv 0etv
v
In particular, resonant filtering of the radiation noise is exhibited in the de
nominators 1- 4,1 84 appearing in the definition of Mpigy; analysis of

such denominators for a given machine structure is generally important in
itself. A practical case will be shown in the next 8.

T In order to see how form.(10) works, a simple example will now
be calculated somewhatt further. The example consists in studying a strong
 fbcusing machine in which a localized eoupling has been inserted (a very
short rotated quadrupole lens). Numerical computations will not be perfor
med since the variety of existing or designed machines would not be com-
parable with a too special case. It should be noted that the algebra invol-
ved is relatively simple until the closed orbit fiinctions, the damping con~
stants, the various matrices U(s), N(s, s') are not to be computed in de-
tail; at that point a computer is necessarily needed.

Coming back to the example we want to examine, let us introduce
at a given point in the machine (otherwise lincoupled) a 45° rotated quadru-
-pole of zero length, This can be described by putting in eq. (3) for the cou-
pling terms , '
12 " D1 =0

Kig= klzl ?J(s - nsy)

Ky, = k21 %J(S - ns,)

o

Because of Maxwell equations, it must also be that k., =k, =
= -m where the definition of ‘'m- is given by(x)(gompare the lagrangian (1))

M(s) = m Z & (s -nsg)

(x) - see pag. 8.



The corresponding transfer matrix over the quadrupole is

Y- | 1 +C

+C I

where I is the 2x2 unit matrix and

C 0 ' 0

‘m 0

1.

1l

Note that det Y

Assuming that there is a coupling element at the end of each pe-
riod; the matrix N(s) is of the form

N(s) = € F(s) =

I +C
+C I

<« O F, +CF,
o Fel - t€F, = F

zZ

Since det'F = 1 neglecting dampings, det N is also equal to 1 to the sa:
me approximation. ‘ :

The main task to be accomphshed is now to get the elgenvalues
of N(s) that is to solve

det (N - XI) = 0.
This equation is equ_ix‘ralent‘to _
A4 - N Tr(F 4+, + )\Z{det F_ +det Fy + TrFy TrF, -
- m2XyyZ1,} - A{TrFydetF, + TrF, det F )+
+det Fy det F, = 0

where ‘ o ‘

(x) - Note of the pag. 7: :
‘According to the definition of M, m is also glven by

| el aB

PeE, ¢ Bx ST

m =

- where 1 is the effective length of the quadrupole ‘A more practical formu
la is obtained by introducing the radius of curvature R of an electron of -
momentum /AgE _ in a given reference field B: '

m = % B (Bx JsT




and, when the dampings can be neglected,
det F, = detF, ='1.
Put TrFy,, =2 cos A, , and Xi9 ?/ﬁx sinAy, Zyg = /)z sin 4, to
recall the usual parameters of the uncoupled machine (m =0). Then, ne-
glecting dampings
A4 - 2 (cos f, +cos ) A3+ )\2(2 +4 cos y cos 4, - mzﬂ xﬂz .
© sin A, sinfk,) - 2 A (cosfeytcoshk,)+1 = 0

This can be also written
A+l + A+a)+d
( ) - 2(cosAy co‘s/tz)( ) cos A, cos M, -
- mz/.)»x/l,z sin A sinﬂé = 0

Solutions are

A +i— cos i +COS Ay ' V(cos,kx-cos,az)2+m2/gx/lzsin/cxsin/tz

=afb

. 1 | :
Put A= e'f and cos g+ = 5 (atb), then the conditions for g to be real
(stability) are -

, alb ' < 2
(cos/(x-cos/tz)z + mzﬂxﬂz sinky sin& > 0
In the stable case (with no dampings) the eigenvalues A are exp( t ig,)

and exp (i‘lig_‘): they coincide with the elements of the diagonal matrix 4
apart from the dampings. We choose in the following '

1}
It

n
1

Az pr(—-ig+\ 4, = exp(- ig_)

in the limit of zero damping.

Next introduce the dampings by noting that

detFX = 1-Dus

~s .
o detFZ—l-D

22 So
1
4 -=
Tr Fy 2 cos ay (1 - 3 Dllso)
1

Tr F

R

7 2 cos i, (1 -§D22 s,)
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. 1 ‘
Ax sin A (1 - 5 Dlllso) B

X12

, 1y
Zyg T Py sinfeg (173 Do o)

After some algebra, the elements of A mcludmg dampmg to the flI‘St or-
der .can be put _in the form '

A‘1~'2 = exp(fig+— w )

A3.4 = exp(i’ig_ -w_)
2

where W ;. ‘are complicate functions of g+, /LX, ,az, Ax' ﬂ m-, Dll'

D22 Note that to the first order in Djjs;, %4 is in general complex indi

cating a frequency shift. In any practical case Im Wi << g+ so that only

Re W4 will contribute significantly. In the following &, is written in pla

ce of Re W4 . ‘

It is now seen that when gr¥g_ f2n& and g f n¥ (n an
integer) the only relevant terms in (10) are those associated with

1-4\1A2-2o‘u+

1-4,48, ~2w_

Thus, in general, the following formula holds far from resonances

1 -1 -1 1. -1
A 4 —
Mrtsv 2(,u+.Ur1 Ult USZ U2v 2 W Ur3 U3 U s4 U4v

At this point the matrix U has to be computed; we shall not solve this lenghty
but trivial problem exp11c1tly ' - o L '
- It must be no,t\ed that in the calculation of R only 4 non-zero ele—
ments of the matrix ¥ ' occur because of the definition of the vector V

A lenghty calculation is however to be performed in actually deriving the
matrix N(s, s').

The problem is further reduced by the fact that we need only the

quantities </\2> - < X2>~ < > {z > <y1 y3> <Xb Zb>

It also happens that only one component of the random force is usually 1ar
ge (the one along the curvature radius).
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APPENDIX. -
The distribution in positions (7) can be expressed in an equivalent
form in which local symmetry axes appear. To this end, let us introduce

locally rotated axes X, z by the transformation

X

= xcosHB +z sin 6
Z = -xs8in 8+ 2z cos 9
By choosing
20 by
tg :
Ayx T /azz
and then putting
_— 1 /"‘xz
= = + +
Axx 2 (Axx "azz) sin 2 @
- Ay
A, = 5(# T A

the distribution transforms into

— - 1, 1/2 — 22— =2
P(x, z) = ;:C_(‘/uxx/"'zz) eXp_(ﬁ'xx‘\ |/"zzz ) -

Thus, looking at the beam section (e. g. by the light) an elliptic
spot appears having symmetry axes along the directions X and z. Also,
the inverse effective area S in the luminosity (for two crossing overlap-
ping beams) is given by '

)1/2» )

V4

P(0,0) .

DN~

1_/2._--__ 1, - -
S P(x, z)dx dz '—_ZJC‘(/LXX"‘LZ

- 1/S is thus half the maximum density.

REFE RENCES. -

(1) - C. Bernardini et al., Phys. Rev. Letters 10, 407 (1963).

(2) - C. Bernardini et al.., Laboratori Nazionali di Frascati, Internal re-
port LNF-64/33 (1964); to be published in Nuovo Cimento.

(3) - C. Pellegrini, Nuovo Cimento, suppl. 22, 603 (1961).

(4) - G. Leleukx and P. Gratreau have kindly_s-end to us unpublished work
concerning the same problem (Orsay, Internal reports 14-64 and
22-64). ‘

(5) = C. Bernardini and C. Pellegrini, Linear theory of motion in elec-
tron storage rings, Liaboratori Nazionali di Frascati, Internal re-
port LNF-64/59 , reéferred to as I in the following; see also F.D.
Courant, H.S.Snyder, Annals of physics 3, 1 (1958).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


